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Scattering of ﬂexural waves by circular scatterers in a quarter-inﬁnite thin plate is formulated using the
wave expansion method together with the method of images. The scattered waves are expressed as a
summation series of wave functions and the unknown scattering coefﬁcients are determined by enforc-
ing boundary conditions at the scatterers. Both holes and rigid scatterers are studied. Simply-supported
and roller-supported boundary conditions on the quarter-inﬁnite thin plate are also considered. The anal-
ysis can be used to determine the stress concentration caused by circular scatterers in quarter-inﬁnite
thin plates.
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The analysis of ﬂexural wave propagation in a thin plate has
applications in non-destructive testing and structural sound trans-
mission analysis. The problem has been extensively studied by
Graff (1991) and Cremer et al. (1988) for inﬁnite thin plates. The
Green’s function for ﬂexural waves propagating in semi-inﬁnite
thin plates has been derived by Gunda et al. (1998) and extended
to pinned semi-inﬁnite plates by Evans and Porter (2008).
The problem of ﬂexural wave scattering due to a region of het-
erogeneity in a thin plate has also been studied by various
researchers. Mindlin theory (Vemula and Norris, 1997) and the
wave expansion method (Norris and Vemula, 1995) are used to
analyse the ﬂexural wave scattering due to circular heterogeneity
in inﬁnite thin plates. Scattering of ﬂexural waves by a short
straight crack is also presented by Andronov and Belinskii (1995).
The method of images, that uses image sources to represent the
wave reﬂection at the plate edges, is an effective method for for-
mulating the scattering problem in ﬁnite plates. It has been em-
ployed to study the scattering of ﬂexural waves in semi-inﬁnite
plates with circular holes by Hu et al. (2007) and Fang et al.
(2008). Gunda et al. (1995) have also used the method to deter-
mine the harmonic response of rectangular plates. It has been
demonstrated by Ugural (1999) that both simply-supported and
roller-supported boundary conditions can be satisﬁed using the
image method.
The semi-inﬁnite plate formulation accounts only for the bound-
ary condition at a single plate edge. When scatterers are located
close to a corner of a rectangular plate, the interactions betweenll rights reserved.the scatterers and the corner edges are signiﬁcant and a quarter-
inﬁnite plate formulation is needed. This paper studies ﬂexural
wave scattering in a quarter-inﬁnite thin plate with single and dou-
ble circular scatterers under point force excitation. To the best of
our knowledge, this problem has not previously been studied.
A computationally efﬁcient approach utilising the wave expan-
sion method together with the method of images is employed to
formulate the problem. Under this approach, image scatterers are
created to represent the reﬂections at the edges and the scattered
waves from the real and image scatterers are expressed as a sum-
mation series of wave functions. A set of coupled linear equations
for solving the unknown scattering coefﬁcients is then obtained by
enforcing the appropriate boundary conditions at each scatterer.
It is well known that heterogeneity in thin plates causes stress
concentration and reduces the loading capacity of structures.
Stress concentrations due to cavities in thin plates were ﬁrst stud-
ied by Pao (1962) and Pao and Chao (1964) and extended to the
cases of circular holes in semi-inﬁnite plates by Hu et al. (2007)
and Fang et al. (2008), where an analytical expression for the dy-
namic stress concentration factor is given in terms of the scattering
coefﬁcients. The solution to the scattering coefﬁcients in a quarter-
inﬁnite thin plate is presented in this paper and hence the formu-
lation can be applied to evaluate the dynamic stress concentration
caused by circular scatterers in a quarter-inﬁnite thin plate.
2. Flexural wave propagation in a thin plate
The propagation of ﬂexural waves in a homogeneous and isotro-
pic inﬁnite plate is described by Leissa (1993):
Dr4wþ qh @
2w
@t2
¼ p; ð1Þ
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D ¼ Eh3=12ð1 m2Þ is the ﬂexural stiffness of the plate and E; m;q
and h are the Young’s modulus, Poisson ratio, density and thickness
of the plate, respectively.
By setting p ¼ 0 and assuming time harmonic transverse dis-
placement, i.e., w ¼W expðixtÞ, the steady-state solution of (1)
can be obtained from the biharmonic equation:
r4W  k4W ¼ 0; ð2Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
;x ¼ 2pf ; f is the frequency of the harmonic dis-
placement, and k ¼ ðqhx2=DÞ1=4 is the wavenumber. Eq. (2) can
be separated into:
r2W1 þ k2W1 ¼ 0; ð3Þ
r2W2  k2W2 ¼ 0; ð4Þ
and the general solution for the ﬂexural waves in an inﬁnite plate
can then be written as:
W ¼W1 þW2
¼
X1
m¼1
amH
1
mðkrÞ expðimhÞ þ bmH1mðikrÞ expðimhÞ; ð5Þ
where H1mðÞ is themth order Hankel function of the ﬁrst kind, am; bm
are wave coefﬁcients, and r and h are, respectively, the distance and
angle between the source and receiving points. W1 represents a
propagating wave while W2 represents an evanescent wave.
3. Method of images for a quarter-inﬁnite plate
While the solution given in Eq. (5) applies to inﬁnite plates, for
ﬁnite plates the solution needs to account for the boundary condi-
tions at the edges. The method of images is an effective tool to sat-
isfy the boundary conditions for a ﬁnite plate. It uses images to
represent the reﬂected wave at the plate edges and has been ap-
plied to both simply-supported and roller-supported ﬁnite plates
(Gunda et al., 1995).
Fig. 1 shows the application of the method of images for a point
source, WS, located at ðxs; ysÞ on a quarter-inﬁnite plate. In a quar-
ter-inﬁnite plate, there exist not only waves reﬂected directly from
the edges, as shown in the dotted lines in Fig. 1, but also waves that
undergo reﬂection at both edges, as illustrated by the solid line in
the ﬁgure. The directly reﬂected waves from edges Xx and Xy can
be described by the image sourcesWia andWib, respectively, whileFig. 1. Implementation of method of images for a quarter-inﬁnite plate.the doubly reﬂected waves are represented by an image source
Wic . The total source ﬁeld,W
t
in, is the summation of the real source
and all the image sources, and can be written as:
Wtin ¼Ws þWia þWib þWic: ð6Þ3.1. Simply-supported or roller-supported at both edges
Thin plates with both simply-supported and roller-supported
edges are considered in this paper. Simply-supported edges require
a zero transverse displacement condition: wj@X ¼ 0, while roller-
supported edges require a zero rotation condition: @w=@nj@X ¼ 0
where n is the direction normal to the edge. For a point source
Ws, the source image,Wi, satisfying the boundary conditions along
the edge will be:
Wi ¼
Ws for simply-supported edges;
Ws for roller-supported edges:

Consequently, the image sources required to represent the
reﬂections in a quarter-inﬁnite plate with simply-supported edges
Xx and Xy are:
Wia ¼Wib ¼ Ws and Wic ¼Ws;
while for the case of roller-supported edges, the image sources
become:
Wia ¼Wib ¼ Wic ¼Ws:3.2. Simply-supported at one edge and roller-supported at the other
The implementation is slightly different when a quarter-inﬁnite
plate is simply-supported at one edge and roller-supported at the
other. In this case, the image sources a and b are set according to
their corresponding boundary conditions but the image source c
is set to Wic ¼ Ws. For instance, a quarter-inﬁnite plate with a
simply-supported edge Xx and a roller-supported edge Xy requires
the image sources:
Wia ¼Wic ¼ Ws and Wib ¼Ws:
In the following sections, point force excitation is assumed and
only the case where the quarter-inﬁnite plate is simply-supported
at both edges is considered. The analysis, however, can easily be
applied to other boundary conditions and forms of excitation.
4. Single circular scatterer
The implementation of the method of images for a quarter-inﬁ-
nite plate with a circular scatterer is shown in Fig. 2. In this case,
three image sources and three image scatterers are used to satisfy
the simply-support boundary condition at the edges.
The ﬂexural wave generated by a point force, Fo, on an inﬁnite
thin plate is described as (Cremer et al., 1988):
Win ¼ go½H10ðkrsÞ  H10ðikrsÞ; ð7Þ
where go ¼ Fo=ð8iDk2Þ, and rs is the distance between the source
and the observation points. Under point force excitation, the scat-
tered wave from the real scatterer can be expressed in the polar
coordinate system centered at the scatterer, ðx1; y1Þ, as:
W ¼
X1
m¼1
AmH
1
mðkroÞ expðimhoÞ þ
X1
m¼1
BmH
1
mðikroÞ expðimhoÞ; ð8Þ
where Am;Bm are the scattering coefﬁcients of the real scatterer and
ro and ho are, respectively, the distance and angle between a receiv-
ing point, ðxr ; yrÞ, and center of the scatterer. Here the scattered
wave is deﬁned as the wave component contributed by the scat-
Fig. 2. Method of images implementation for a quarter-inﬁnite plate with single
circular scatterer.
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excited in the thin plate with and without the scatterer.
The image scatterer 1 accounts for the reﬂection from edge Xy
and its contribution can be written as:
W1 ¼
X1
m¼1
CmH
1
mðkr1Þ expðimh1Þ þ
X1
m¼1
DmH
1
mðikr1Þ expðimh1Þ:
ð9Þ
Similarly, the contributions of the image scatterers 2 and 3 are
given by:
W2 ¼
X1
m¼1
EmH
1
mðkr2Þ expðimh2Þ þ
X1
m¼1
FmH
1
mðikr2Þ expðimh2Þ;
ð10Þ
and
W3 ¼
X1
m¼1
GmH
1
mðkr3Þ expðimh3Þ þ
X1
m¼1
LmH
1
mðikr3Þ expðimh3Þ;
ð11Þ
where Cm;Dm; Em; Fm;Gm and Lm are the scattering coefﬁcients asso-
ciated with their corresponding image scatterers.
The scattered ﬁelds in Eqs. (9)–(11) are expressed in the local
coordinate systems centered at the respective image scatterers.
With the application of Graf’s addition theorem (Abramowitz and
Stegun, 1965), the scattered waves of the image scatterers can be
transferred to the local coordinate system centered at the real scat-
terer. For example, the scattered wave from the image scatterer 1
can be transformed into the coordinate system of the real scatterer
by:
H1mðkr1Þ expðimh1Þ ¼
X1
n¼1
H1nmðkr12ÞJmðkroÞ expðinhoÞ
 expðiðnmÞh12Þ; ð12Þ
where r12 and h12 are the distance and angle between the centers of
the real and image scatterers.
The total scattered wave at any point on the plate, Wtr , is then
the summation of the scattered waves from the real scatterer
and all the image scatterers:
Wtr ¼W þW1 þW2 þW3: ð13Þ
For simply-supported edges, the displacement must vanish at
edge Xy, which requires:W1 ¼ W: ð14Þ
Since r1 ¼ ro and ho ¼ p h1 at the edge Xy, and using the fact that
H1mðkrÞ ¼ H1mðkrÞ expðimpÞ, one obtains from Eq. (14):
Cm ¼ Am and Dm ¼ Bm:
Similar relationships for the scattering coefﬁcients Em and Fm
can be obtained by imposing the boundary conditions at edge
Xx:
Em ¼ ð1ÞmAm and Fm ¼ ð1ÞmBm:
The image scatterer 3 is a reﬂection of image scatterer 2
across Xy and image scatterer 1 across Xx. The scattering coef-
ﬁcients that satisfy the boundary conditions along both edges
are:
Gm ¼ ð1ÞmAm and Lm ¼ ð1ÞmBm:
Hence, all of the scattering coefﬁcients associated with the image
scatterers can be expressed in terms of the scattering coefﬁcients
of the real scatterer Am and Bm.
Two types of scatterers, holes and rigid scatterers (clamped re-
gions), are considered here. For holes, the bending moment, Tr , and
Kelvin–Kirchhoff edge reaction, Kr , of the total wave
Wt ¼Wtr þWtin must vanish at the edge of the hole, i.e.:
TrðWtÞ ¼ D @
2Wt
@r2
þ m 1
r
@Wt
@r
þ 1
r2
@2Wt
@h2
 ! !
¼ 0; ð15Þ
KrðWtÞ ¼ D @r
2Wt
@r
 Dð1 mÞ 1
r2
@
@h
@2Wt
@r@h
 1
r
@Wt
@h
 !
¼ 0; ð16Þ
while for rigid scatterers the boundary conditions are:
Wt ¼ 0; @Wt
@r
¼ 0: ð17Þ
Transforming all source and scattered ﬁelds into the local
polar coordinates of the real scatterer, imposing the boundary
conditions on the scatterer and applying orthogonality yield
the following:
AmFaðH1mðkraÞÞ þ FaðJmðkraÞÞ
X1
n¼1
AnðPm;nx þ Pm;ny þ Pm;nxy Þ
þ BmFaðH1mðikraÞÞ þ FaðJmðikraÞÞ
X1
n¼1
Bn gPm;nx þ gPm;ny þ gPm;nxy 
¼ FaðJmðkraÞÞ Qm0 þ Qmx þ Qmy þ Qmxy
 
 FaðJmðikraÞÞ gQm0 þgQmx þgQmy þgQmxy ; ð18Þ
AmFbðH1mðkraÞÞ þ FbðJmðkraÞÞ
X1
n¼1
AnðPm;nx þ Pm;ny þ Pm;nxy Þ
þ BmFbðH1mðikraÞÞ þ FbðJmðikraÞÞ
X1
n¼1
Bn gPm;nx þ gPm;ny þ gPm;nxy 
¼ FbðJmðkraÞÞ Qm0 þ Qmx þ Qmy þ Qmxy
 
 FbðJmðikraÞÞ gQm0 þgQmx þgQmy þgQmxy ; ð19Þ
where
FaðXmðkrÞÞ ¼
ðm2ð1 mÞ  ðkrÞ2ÞXmðkrÞ
ð1 mÞðkrÞX 0mðkrÞ for holes;
XmðkrÞ for rigid scatterers;
8><>: ð20Þ
FbðXmðkrÞÞ ¼
m2ð1 mÞXmðkrÞ
ðm2ð1 mÞðkrÞ  ðkrÞ3ÞX0mðkrÞ for holes;
X0mðkrÞ for rigid scatterers:
8><>: ð21Þ
Fig. 3. Method of images implementation for a quarter-inﬁnite plate with two
circular scatterers.
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XmðÞ with JmðÞ and H1mðÞ, respectively in (20). Similarly, FbðH1mðkraÞÞ
and FbðJmðkraÞÞ in (19) are evaluated using (21). The deﬁnitions of
the P0s and Q 0s are given in the Appendix.
Here, both m and n run from 1 to 1, and therefore Eqs. (18)
and (19) represent an inﬁnite set of equations. To solve the system
numerically,m and n are truncated to ﬁnite limits and the equation
set is cast into matrix form as
½K A
B
 
¼ Ia þ
eIa
Ib þ eIb
" #
; ½K ¼ Ua
fUa
Ub fUb
" #
: ð22Þ
The mnth element of each submatrix Uc; c ¼ a or b, is given by:
Um;nc ¼ dm;n þ FcðJmðkraÞÞ Pm;nx þ Pm;ny þ Pm;nxy
 
; ð23ÞgUm;nc ¼ dm;n þ FcðJmðikraÞÞ gPm;nx þ gPm;ny þ gPm;nxy ; ð24Þ
where
dm;n ¼ 0 if m – n
FcðH1mðkraÞÞ if m ¼ n:

The vectors Ic ¼ ½IMc ; . . . ; IMc T and eIc ¼ ½gIMc ; . . . ;fIMc T are, respec-
tively, the incident propagating waves and evanescent waves, and
are given as:
Imc ¼ FcðJmðkraÞÞ Qm0 þ Qmx þ Qmy þ Qmxy
 
; ð25ÞfImc ¼ FcðJmðikraÞÞ gQm0 þgQmx þgQmy þgQmxy : ð26Þ
When both m and n are truncated to the same limits, from M to
M; ½K is square and Eq. (22) can be solved by inverting ½K to deter-
mine the unknown scattering coefﬁcients A ¼ ½AM; . . . ;AMT and
B ¼ ½BM ; . . . ;BM T . The choice of the summation limit M will be dis-
cussed in a later section.
5. Two circular scatterers
To solve the scattering problem of a quarter-inﬁnite plate with
two scatterers, the formulation must account for the multiple scat-
tering not only between the scatterers and the edges, but also be-
tween the two scatterers. The application of the method of images
to this problem is presented in Fig. 3.
Following the procedure outlined in Section 4 and enforcing the
appropriate boundary conditions at each scatterer, the system for
solving the scattering coefﬁcients is:
U1a gU1a N1a gN1a
U1b gU1b N1b gN1b
N2a gN2a U2a gU2a
N2b gN2b U2b gU2b
266664
377775
A1
B1
A2
B2
26664
37775 ¼
I1a þ eI1a
I1b þ eI1b
I2a þ eI2a
I2b þ eI2b
26666664
37777775: ð27Þ
The mnth element of the submatrices are given by:
Um;n1c ¼ dm;n þ FcðJmðkraÞÞ Pm;nx þ Pm;ny þ Pm;nxy
 
; ð28Þ
Um;n2c ¼ dm;n þ FcðJmðkrbÞÞ Pm;n2x þ Pm;n2y þ Pm;n2xy
 
; ð29ÞgUm;n1c ¼ dm;n þ FcðJmðikraÞÞ gPm;nx þ gPm;ny þ gPm;nxy ; ð30ÞgUm;n2c ¼ dm;n þ FcðJmðikrbÞÞ gPm;n2x þ gPm;n2y þ gPm;n2xy ; ð31Þ
Nm;n1c ¼ FcðJmðkraÞÞ Rm;n1 þ Rm;n1x þ Rm;n1y þ Rm;n1xy
 
; ð32Þ
Nm;n2c ¼ FcðJmðkrbÞÞ Rm;n2 þ Rm;n2x þ Rm;n2y þ Rm;n2xy
 
; ð33ÞgNm;n1c ¼ FcðJmðikraÞÞ gRm;n1 þ gRm;n1x þ gRm;n1y þ gRm;n1xy ; ð34ÞgNm;n2c ¼ FcðJmðikrbÞÞ gRm;n2 þ gRm;n2x þ gRm;n2y þ gRm;n2xy ; ð35Þin which the functions FcðÞ are selected from Eqs. (20) and (21) to
satisfy the boundary conditions at the scatterers. The submatrices
U represent the scattering between a real scatterer and its own
images, while the submatrices N represent the interaction between
the scatterers.
Once again, ðI1c þ eI1c Þ and ðI2c þ eI2c Þ are the incident wave vectors
at the scatterers. I1c and
eI1c are evaluated using Eqs. (25) and (26),
respectively, and
I2mc ¼ FcðJmðkrbÞÞ Q2m0 þ Q2mx þ Q2my þ Q2mxy
 
; ð36Þ
gI2cm ¼ FcðJmðikrbÞÞ gQ2m0 þ gQ2mx þ gQ2my þ gQ2mxy 	: ð37Þ
A1;B1 and A2;B2 are the unknown coefﬁcient pairs associated with
the scattered waves from each scatterer. The deﬁnitions of the
R0s; P0s and Q 0s are given in the Appendix.
No assumption has been made on the boundary conditions of
the scatterers in the above formulation, and it is applicable for
cases where the two scatterers are of the different types, i.e., a hole
and a rigid scatterer. Although only the case of two scatterers is
presented here, the formulation can be easily extended to handle
a larger number of scatterers by incorporating the appropriate
interaction terms in the system matrix.
6. Truncation limit of the summation series
Numerical solutions of Eqs. (18) and (19) require that the inﬁ-
nite summation series in Eq. (12) be truncated, and the summation
limit, M, must be appropriately chosen in order to ensure compu-
tational accuracy. The convergence limit of Eq. (12) as a function
kr2 for different values of kr12 is plotted in Fig. 4.
The convergence limit here is deﬁned as the summation limitM
that gives err < e where
err ¼ Ht  HsumM
Ht




 



;
e is the required accuracy, Ht is the Hankel function value and HsumM
is the value computed when the inﬁnite series in Eq. (12) is trun-
cated to limitM. It is observed that the convergence limit varies lin-
early with kr2 as long as the order of Hankel function m is less than
kðr12  r2Þ. The simple expression
M > 3þ 1:2kr2; ð38Þ
provides a good estimate of the optimum summation limit for
e ¼ 0:01. This expression is used to determine the truncation limit
in our analysis.
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be proportional to the order of the Hankel function, m, and the
computation of higher order Hankel functions using Eq. (12) be-
comes inefﬁcient.
When both m and n are truncated to the same limit M, the esti-
mate given by Eq. (38) requires that:
r12  2:2r2 > 3k : ð39Þ
This condition is generally valid since r12 is at least 2r2 for trans-
forming the scattered waves from the image to the real scatterer.
However, it can become invalid if the scatterers are located very
close to the edge of the plate or if both r12 and r2 are very small
compared to k.7. Validation
Scattering of ﬂexural waves in an inﬁnite thin plate with circu-
lar scatterers can be evaluated using the formulation described
above by considering the scatterers located at very large distances
away from the quarter-plate edges. Fig. 6 shows the backscattered
far ﬁelds for a circular scatterer in an inﬁnite plate under an unit
amplitude plane wave incident from ho ¼ p. The incident plane
wave is approximated by placing the point source 104 wavelengths
from the scatterer. The backscattered results obtained by Norris
and Vemula (1995) are also shown in Fig. 6 for comparison and
good agreement is found.
To further validate the above formulation, the results are com-
pared with the numerical results of ﬁnite element (FE) simulations
of a quarter-inﬁnite Kirchhoff plate. In this FE model, a perfectly
matched layer (PML) formulation is used to apply the radiating
boundary conditions on the inﬁnite sides of the quarter-inﬁnite
plate. Fig. 5 illustrates the implementation of the boundaries. Four
subdomains are created, each with its own coordinate scalings ~dx
and ~dy. PML’s are implemented in the x- and y-direction in subdo-
main X2 and X3, respectively, while subdomain X4 has PML’s in
both coordinate directions.
The FE model is implemented using the weak form of Eq. (2)
describing the transverse displacement W. This form can be writ-
ten in terms of the moments per unit length Mxx;Myy and Mxy:0 20 40 60 80
0
20
40
60
80
100
120
140
160
kr
M
Fig. 4. Convergence limit M plotted as a fZ
X
1
~d2x
@2dW
@x2
Mxx þ 2~dx~dy
@2dW
@x@y
Mxy þ 1~d2y
@2dW
@y2
Myy
 !
~dx~dy @x@y
þ
Z
X
ðqhx2WdWÞ~dx~dy @x@y ¼ fs; ð40Þ
where dW is a test function, and fs is a point source applied at the
source ðxs; ysÞ:
fs ¼
Z
X
dðx xsÞdðy ysÞdW @x@y: ð41Þ
The moments per unit length are given by:
Mxx ¼  D~d2x
@2W
@x2
 mD
~d2y
@2W
@y2
; ð42Þ
Myy ¼  D~d2y
@2W
@y2
 mD
~d2x
@2W
@x2
; ð43Þ
Mxy ¼ ð1 mÞ D~dx~dy
Wxy: ð44Þ
The coordinate transformations ~dx and ~dy are deﬁned on each
subdomain as:
~dx ¼
1; x 2 X1;X2;
1þ iAp jxp jhp
 2
; x 2 X3;X4;
8<: ð45Þ
~dy ¼
1; x 2 X1;X3;
1þ iAp jyp jhp
 2
; x 2 X2;X4;
8<: ð46Þ
where jxpj and jypj are the distances from a point in the PML to the
boundary of X1, and hp is the PML width. The scaling factor, Ap, is
used to tune the performance of the PML in order to minimize the
size of the computational domain.
A simply-supported quarter-inﬁnite thin plate under a point
force excitation is considered in this section. A simply-supported
quarter-inﬁnite thin plate under a point force excitation is
considered in this section. The quarter-inﬁnite plate considered is
1 mm thick, and with Young’s modulus = 2.0  1011 N/m2 and
Poisson ratio = 0.27. A coordinate system having its origin located100 120 140 160 180
2
m =5 ; r12 = 15
m = 5; r12 = 25
m = 5; r12 = 20
m = 5 ; r12 = 30
m = 10; r12 = 30
m = 15; r12 = 30
m = 20; r12 = 30
unction of kr2 for different r12 and m.
Fig. 5. Layout of the quarter-inﬁnite plate FE model.
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Fig. 6. Magnitude of the backscattered far ﬁeld in an inﬁnite thin plate. Solid line – rigid
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Fig. 7. Normalised transverse displacement along the x ¼ 1 line on a quarter-inﬁn
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tances are given in units of wavelength.
Fig. 7 shows the normalised transverse displacements along the
y ¼ 1 line on a quarter-inﬁnite thin plate with a circular hole.
Excellent agreement is found between the results obtained from
the formulation presented in this paper and the FE model. The hole
is 4 wavelengths in diameter and centered at coordinates (6,8) and
the point force is located at (10,10).
In this analysis, M ¼ 18 is used as the truncation limit in the
matrix expression (22) and approximately 1 million degree of free-
dom are used in the FE model to simulate a domain of 16  16
wavelengths.
The normalised transverse displacement along the y ¼ 1 line on
a simply-supported quarter-inﬁnite thin plate is shown in Fig. 8 for
the case of two holes, and in Fig. 9 for the case of two rigid scatter-
ers. In both cases, the point force is located at (10,10), and the two3 4 5
k ra
scatterer, dotted line – hole, ‘‘o” – results published by Norris and Vemula (1995).
4 5 6 7 8
rom y−edge
ite thin plate with a circular hole. Solid line – image method, ‘‘o” – FE model.
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Fig. 8. Normalised transverse displacement along the x ¼ 1 line on a quarter-inﬁnite thin plate with two circular holes. Solid line – image method, ‘‘o” – FE model.
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Fig. 9. Normalised transverse displacement along the x ¼ 1 line on a quarter-inﬁnite thin plate with two circular rigid scatterers. Solid line-image method, ‘‘o” – FE model.
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wavelengths, respectively. Again, good agreement between the re-
sults is found.
8. Conclusion
Scattering of ﬂexural waves by circular scatterers in a quarter-
inﬁnite thin plate is formulated using the method of images and
the wave expansion method. The scattered waves in the plate are
expressed as a summation series of wave functions and Graf’s addi-
tion theorem is used to transfer the coordinates of the scatteringwaves from the image scatterers to coordinates centered at the real
scatterers. By enforcing the appropriate boundary conditions at the
scatterers, the solution matrix for evaluating the unknown
scattering coefﬁcients is obtained. Both simply-supported and
roller-supported quarter-inﬁnite thin plates are considered and
the formulation applies to rigid scatterers as well as holes. Good
agreement with the results of a Kirchhoff plate FE model validates
the formulation. The appropriate truncation limit to ensure com-
putational accuracy for the inﬁnite series that arises in the formu-
lation is also discussed. Although only the cases of single and two
circular scatterers are presented, the formulation can be easily
3676 K.L. Chan et al. / International Journal of Solids and Structures 46 (2009) 3669–3676extended to cases with a larger number of circular scatterers in a
quarter-inﬁnite thin plate.
Appendix A
Pm;nx ¼ ð1ÞmþnH1mþnð2kx1Þ; ð47Þ
Pm;ny ¼ ðiÞmþ3nH1mþnð2ky1Þ; ð48Þ
Pm;nxy ¼ ð1Þn expðiðm nÞhrÞH1mnðkdrÞ; ð49ÞgPm;nx ¼ ð1ÞmþnH1mþnði2kx1Þ; ð50ÞgPm;ny ¼ ðiÞmþ3nH1mþnði2ky1Þ; ð51ÞgPm;nxy ¼ ð1Þn expðiðm nÞhrÞH1mnðikdrÞ; ð52Þ
where dr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2x1Þ2 þ ð2y1Þ2
q
and tanðhrÞ ¼ y1x1.
Qm0 ¼ H1mðkrs0Þ expðimhs0Þ; ð53Þ
Qmx ¼ H1mðkrs1Þ expðimhs1Þ; ð54Þ
Qmy ¼ H1mðkrs2Þ expðimhs2Þ; ð55Þ
Qmxy ¼ H1mðkrs3Þ expðimhs3Þ; ð56ÞgQm0 ¼ H1mðikrs0Þ expðimhs0Þ; ð57ÞgQmx ¼ H1mðikrs1Þ expðimhs1Þ; ð58ÞgQmy ¼ H1mðikrs2Þ expðimhs2Þ; ð59ÞgQmxy ¼ H1mðikrs3Þ expðimhs3Þ; ð60Þ
where rs0; rs1; rs2; rs3 are the distances between the source point and
the centers of the real scatterer, image scatterer 1, image scatterer 2
and image scatterer 3, respectively, and hs0; hs1; hs2; hs3 are the angles
between the source point and the centers of the real scatterer, image
scatterer 1, image scatterer 2 and image scatterer 3, respectively.
Pm;n2x ¼ ð1ÞmþnH1mþnð2kx2Þ; ð61Þ
Pm;n2y ¼ ðiÞmþ3nH1mþnð2ky2Þ; ð62Þ
Pm;n2xy ¼ ð1Þn expðiðm nÞhr2ÞH1mnðkdr2Þ; ð63ÞgPm;n2x ¼ ð1ÞmþnH1mþnði2kx2Þ; ð64ÞgPm;n2y ¼ ðiÞmþ3nH1mþnði2ky2Þ; ð65Þ
gPm;n2xy ¼ ð1Þn expðiðm nÞhr2ÞH1mnðikdr2Þ; ð66Þ
Rm;n2x ¼ H1mþnðkd1Þ expðiðmþ nÞhab1Þ; ð67Þ
Rm;n1x ¼ H1mþnðkd1Þ expðiðmþ nÞh0ab1Þ ¼ Rm;n2x expð2iðmþ nÞhab1Þ;
ð68Þ
Rm;n2y ¼ ð1ÞnH1mþnðkd2Þ expðiðmþ nÞhab2Þ; ð69Þ
Rm;n1y ¼ ð1ÞnH1mþnðkd2Þ expðiðmþ nÞh0ab2Þ
¼ ð1ÞmþnRm;n2y expð2iðmþ nÞhab2Þ; ð70Þ
Rm;n1xy ¼ Rm;n2xy ¼ ð1ÞnH1mnðkd3Þ expðiðm nÞhab3Þ; ð71Þ
Rm;n1 ¼ H1mnðkdabÞ expðiðm nÞhabÞ; ð72Þ
Rm;n2 ¼ ð1ÞmnRm;n1 ; ð73Þ
gRm;n2x ¼ H1mþnðikd1Þ expðiðmþ nÞhab1Þ; ð74ÞgRm;n1x ¼ H1mþnðikd1Þ expðiðmþ nÞh0ab1Þ ¼ gRm;n2x expð2iðmþ nÞhab1Þ;
ð75ÞgRm;n2y ¼ ð1ÞnH1mþnðikd2Þ expðiðmþ nÞhab2Þ; ð76ÞgRm;n1y ¼ ð1ÞnH1mþnðikd2Þ expðiðmþ nÞh0ab2Þ
¼ ð1ÞmþngRm;n2y expð2iðmþ nÞhab2Þ; ð77ÞgRm;n1xy ¼ gRm;n2xy ¼ ð1ÞnH1mnðikd3Þ expðiðm nÞhab3Þ; ð78ÞgRm;n1 ¼ H1mnðikdabÞ expðiðm nÞhabÞ; ð79ÞgRm;n2 ¼ ð1ÞmngRm;n1 ; ð80Þ
where
dab ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2  x1Þ2 þ ðy2  y1Þ2
q
; tanðhabÞ ¼ y2  y1x2  x1 ;
dr2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2x2Þ2 þ ð2y2Þ2
q
; tanðhr2Þ ¼ y2x2 ;
d1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2 þ x1Þ2 þ ðy2  y1Þ2
q
; tanðhab1Þ ¼ y2  y1x2 þ x1 ;
hab1 ¼ 2p h0ab1;
d2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2  x1Þ2 þ ðy2 þ y1Þ2
q
; tanðhab2Þ ¼ y2 þ y1x2  x1 ;
hab2 ¼ 2p h0ab2;
d3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx2 þ x1Þ2 þ ðy2 þ y1Þ2
q
; tanðhab3Þ ¼ y2 þ y1x2 þ x1 :
Q2m0 ¼ H1mðkr0s0Þ expðimh0s0Þ; ð81Þ
Q2mx ¼ H1mðkr0s1Þ expðimh0s1Þ; ð82Þ
Q2my ¼ H1mðkr0s2Þ expðimh0s2Þ; ð83Þ
Qmxy ¼ H1mðkr0s3Þ expðimh0s3Þ; ð84ÞgQ2m0 ¼ H1mðikr0s0Þ expðimh0s0Þ; ð85ÞgQ2mx ¼ H1mðikr0s1Þ expðimh0s1Þ; ð86ÞgQ2my ¼ H1mðikr0s2Þ expðimh0s2Þ; ð87ÞgQ2mxy ¼ H1mðikr0s3Þ expðimh0s3Þ; ð88Þ
where r0s0; r
0
s1; r
0
s2; r
0
s8 are the distances between the source point and
the centers of the scatterer B, image scatterer 1B, image scatterer
2B, and image scatterer 3B, respectively, and h0s0; h
0
s1; h
0
s2; h
0
s3 are the
angles between the source point and the centers of the scatterer
B, image scatterer 1B, image scatterer 2B, and image scatterer 3B,
respectively.
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